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Abstract
We showed in hep-th/0303210 that the Dijkgraaf-Vafa theory can be regarded as large-
N reduction in the case of N = 1 supersymmetric U(N) gauge theories, with single
adjoint matter. We generalize this to gauge theories with gauge groups being the
products of some unitary groups coupled to bifundamental or fundamental matter.
We show that some large-N reduced models of these theories are supermatrix models,
whose free energy is equivalent to the prepotentials of the original gauge theories. The
supermatrix model in our approach should be taken in the Veneziano limit Nc, Nf →∞
with Nf/Nc fixed.
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1 Introduction
In the theory of Dijkgraaf-Vafa [1] [2], N = 1 supersymmetric gauge theory is related to a
large-N bosonic matrix model . They have discovered that the prepotential of the gauge
theory is the free energy of the matrix model.
We have shown that this result can be regarded as a large-N reduction [3] [4]. One
can map the gauge theory on non-commutative space to a large-N reduced model (see the
Appendix) and show that the holomorphic parts of the reduced model (supermatrix model)
reproduce the prepotential of the gauge theory as the free energy.
However, we have only demonstrated the Dijkgraaf-Vafa theory via the reduced model in
the simplest system. There are many applications of the Dijkgraaf-Vafa theory to other gauge
groups and the inclusion of matter [5] [6] [7], and we want to understand such applications
in terms of reduced models. Such understanding is not only important in respect of the
Dijkgraaf-Vafa theory itself, but also gives insight for constructing a general connection
between field theory and matrix models. For example, we have not yet found a reduced
model for SO(N) Yang-Mills theory, while the matrix model for this gauge theory is given
in the Dijkgraaf-Vafa theory [5]. This will help us to construct its reduced model. Thus,
understanding these theories is important in the context of large-N reduction.
We generalize in this paper the argument given in [4] to gauge theories which have gauge
groups of the products of some unitary groups and are coupled to their adjoint, bifundamental
and fundamental matter. The low-energy effective action of these theories is given by the
prepotential, and this prepotential is equivalent to the free energy of the corresponding
matrix models.
We first apply our approach to a gauge theory which has n gauge groups,
n∏
i=1
U(Ni),
coupled to n adjoint, bifundamental and anti-bifundamental matter. We show that the
reduced model of this theory reproduces the matrix model in the Dijkgraaf-Vafa theory.
We next consider the A2 quiver-like theory which has two gauge groups
U(nc)× U(nf ). (1.1)
We regard the U(nf ) gauge group as a global symmetry by setting vector superfield Vf
for the U(nf ) gauge group to 0. This system then becomes U(nc) gauge theory with nf
1
fundamental and anti-fundamental matter [7]. This theory is the first example in which the
large-N reduction reproduces the Dijkgraaf-Vafa theory by taking Vf = 0 .
We finally consider a general system which has several unitary gauge groups, flavor sym-
metries and matter in the adjoint, bifundamental and fundamental representations. We show
that the Dijkgraaf-Vafa theory of this system can be reproduced by its reduced model, as in
the previous two cases.
In section 2 of this paper, we discuss the application of the gauge theory with bifunda-
mental matter in our approach. In section 3, we consider a system with fundamental matter
and a more general system. Section 4 contains conclusion and a discussion. The Appendix
presents a brief review of non-commutative space and the construction of the supersymmetric
reduced model of U(n) gauge theory coupled to adjoint matter.
2 Supersymmetric reduced model with bifundamental
matter
We demonstrate in this section the Dijkgraaf-Vafa conjecture of the gauge theory with bi-
fundamental matter in terms of large-N reduction. As we mentioned in the introduction, the
argument is relevant to the single adjoint matter case [4]. We first consider this theory on
bosonic non-commutative space and construct a supersymmetric reduced model. We next
introduce fermionic non-commutative space and map the supersymmetric reduced model to
a supermatrix model. We anticipate that the holomorphic parts of this supermatrix model
will reproduce those of the gauge theory when we set the non-commutativity Cµν , γαβ to 0.
We indeed check that the equivalence between the free energy and prepotential holds in this
theory.
2.1 Construction of the supersymmetric reduced model
We consider the gauge theory with multiple bifundamental matter. This theory comprises
gauge groups
n∏
i=1
U(Ni), (2.1)
and matter. We denote chiral matter in the adjoint representation of U(Ni) as Φi, a vec-
tor superfield as Vi, and chiral matter in the bifundamental representation of U(Ni) and
2
U(N¯j) (i > j) as Xi,j and anti-bifundamental representation as Yj,i, where index i of the
bifundamental representation runs from 1 to n. Field strength Wiα for each U(Ni) is defined
as
Wiα = −1
4
D¯D¯e−ViDαe
Vi . (2.2)
With these fields, we consider the following action:
S =
∫
d4xd2θd2θ¯
{
n∑
i=1
trU(Ni)(Φ¯ie
ViΦie
−Vi)
+
∑
i>j
trU(Nj)(X¯i,je
ViXi,je
−Vj ) +
∑
i>j
trU(Nj)(Y¯j,ie
VjYj,ie
−Vi)
}
+
∫
d4xd2θ
{
n∑
i=1
2πiτitrU(Ni)W
α
i Wiα +
∑
(i,a)
g(i,a)trU(Ni)O(i,a)(Φ, X, Y )
}
+ c.c., (2.3)
where τi is the gauge coupling constant.
The superpotential,
∑
(i,a)
g(i,a)trU(Ni)O(i,a)(Φ, X, Y )
is a single-trace polynomial in which subscript i indicates a gauge group and subscript a
indicates a form of the function O(i,a). We can explicitly express the polynomial as
∑
(i,a)
g(i,a)trU(Ni)O(i,a)(Φ, X, Y ) =
n∑
i=1
ni∑
k=1
1
k + 1
a(i,k)trU(Ni)Φ
k+1
i
+
∑
i,j,k
b(i,j,k) trU(Ni)Yi,jΦ
k
jXj,i
+
∑
i,j,p,q
c(i,j,p,q) trU(Ni)Yi,jΦ
p
jXj,iYi,jΦ
q
jXj,i + · · · , (2.4)
where a(i,k), b(i,j,k), c(i,j,p,q), · · · are coupling constants. We impose the one condition on the
superpotential that all the adjoint matter is massive, because massless adjoint matter gives
singularity in low-energy theory and may break the holomorphy.
We consider this theory on bosonic non-commutative space (A.3) and construct a reduced
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model of the theory [8]. As in [4], a reduced model of this gauge theory is given by
S =(2π)2
√
detC
∫
d2θd2θ¯
{
n∑
i=1
TrU(Nˆi)(
ˆ¯Φie
VˆiΦˆie
−Vˆi)
+
∑
i>j
TrU(Nˆj)(
ˆ¯Xi,je
VˆiXˆi,je
−Vˆj ) +
∑
i>j
TrU(Nˆj)(
ˆ¯Yj,ie
Vˆj Yˆj,ie
−Vˆi)
}
+ (2π)2
√
detC
∫
d2θ
{
n∑
i=1
2πiτiTrU(Nˆi)Wˆ
α
i Wˆiα
+
∑
(i,a)
g(i,a)TrU(Nˆi)O(i,a)
(
Φˆ(θ), Xˆ(θ), Yˆ (θ)
)}
+ c.c.. (2.5)
Here Φˆi(θ), Xˆj(θ), Yˆk(θ) and Vˆl(θ, θ¯) are infinite matrices whose components are a function
of θ and/or θ¯, Nˆi is their infinite rank, and
Wˆiα(θ) = −1
4
∂
∂θ¯α˙
∂
∂θ¯α˙
e−Vˆi
∂
∂θα
eVˆi. (2.6)
We now show that this reduced model reproduces Eq.(2.3) in bosonic non-commutative
space. The equation of motion of Eq.(2.5) for Vˆi is given by
∂
∂θα
eVˆiWˆ αi e
−Vˆi = 0, (2.7)
which has the special solution
exp Vˆi(θ, θ¯) = exp
(−2θσµθ¯pˆµ)⊗ 1Ni, (2.8)
where pˆµ is given by Eq.(A.7). We can expand e
Vˆi around this background as
eVˆi = eAˆeVˆ
′
ieAˆ,
Aˆ ≡ −θσµθ¯pˆµ ⊗ 1Ni, (2.9)
Action S then becomes
S =(2π)2
√
detC
∫
d2θd2θ¯
{
n∑
i=1
TrU(Nˆi)(
ˆ¯Φ′ie
Vˆ ′iΦˆ′ie
−Vˆ ′i)
+
∑
i>j
TrU(Nˆj)(
ˆ¯X ′i,je
Vˆ ′iXˆ ′i,je
−Vˆ ′j ) +
∑
i>j
TrU(Nˆj)(
ˆ¯Y ′j,ie
Vˆ ′j Yˆ ′j,ie
−Vˆ ′i)
}
+ (2π)2
√
detC
∫
d2θ
{
n∑
i=1
2πiτiTrU(Nˆi)Wˆ
′
α
i Wˆ
′
iα
+
∑
(i,a)
g(i,a)TrU(Nˆi)O(i,a)
(
Φˆ′(θ), Xˆ ′(θ), Yˆ ′(θ)
)}
+ c.c.. (2.10)
4
Here,
Φˆ′i(θ, θ¯) = e
AˆΦˆi(θ)e
−Aˆ,
Xˆ ′ij(θ, θ¯) = e
AˆXˆij(θ)e
−Aˆ,
Yˆ ′ij(θ, θ¯) = e
AˆYˆij(θ)e
−Aˆ,
ˆ¯Φ′i(θ, θ¯) = e
−Aˆ ˆ¯Φi(θ¯)e
Aˆ,
Wˆ ′iα(θ, θ¯) = e
AˆWˆiα(θ)e
−Aˆ = −1
4
ˆ¯D ˆ¯De−Vˆ
′
i Dˆαe
Vˆ ′i ,
Dˆα = e
−Aˆ ∂
∂θα
eAˆ =
∂
∂θα
− (σµθ¯) pˆµ,
ˆ¯Dα˙ = e
Aˆ
(
− ∂
∂θ¯α˙
)
e−Aˆ = − ∂
∂θ¯α˙
+ (θσµ) pˆµ. (2.11)
We can now map these matrices to superfields through Weyl ordering (Eq.(A.11)) as follows:
Φˆ′i(θ, θ¯) 7→ Φi(x, θ, θ¯)
Xˆ ′ij(θ, θ¯) 7→ Xij(x, θ, θ¯)
Yˆ ′ij(θ, θ¯) 7→ Yij(x, θ, θ¯)
ˆ¯Φ′i(θ, θ¯) 7→ Φ¯i(x, θ, θ¯),
Vˆ ′i(θ, θ¯) 7→ Vi(x, θ, θ¯)
Wˆ ′iα(θ, θ¯) 7→ Wiα(x, θ, θ¯).
We can also map the action in Eq.(2.10) to non-commutative field theory as in Eq.(A.14).
As a result, this reduced model is equivalent to a non-commutative action which can be
obtained by replacing the product in Eq.(2.3) with star products in Eq.(A.1).
Note that the ratios of the infinite ranks of the gauge groups are fixed in order to repro-
duce Eq.(2.3). It is obvious, if we define the infinite rank of pˆµ as Mˆ in Eq.(2.8), we can
obtain the relationships
Nˆi
Nˆj
=
Mˆ ×Ni
Mˆ ×Nj
=
Ni
Nj
. (2.12)
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2.2 Construction of the supermatrix model
We consider Eq.(2.5) in the fermionic non-commutative space [9] (Eq.(A.4)) by replacing the
product with the star products in Eq.(A.2) as follows:
S =(2π)2
√
detC
∫
d2θd2θ¯
{
n∑
i=1
TrU(Nˆi)(
ˆ¯Φie
VˆiΦˆie
−Vˆi)
+
∑
i>j
TrU(Nˆj)(
ˆ¯Xi,je
VˆiXˆi,je
−Vˆj ) +
∑
i>j
TrU(Nˆj)(
ˆ¯Yj,ie
Vˆj Yˆj,ie
−Vˆi)
}
⋆
+ (2π)2
√
detC
∫
d2θ
{
n∑
i=1
2πiτiTrU(Nˆi)Wˆ
α
i Wˆiα
+
∑
(i,a)
g(i,a)TrU(Nˆi)O(i,a)
(
Φˆ(θ), Xˆ(θ), Yˆ (θ)
)}
⋆
+ c.c.. (2.13)
We can then map this action to the supermatrix model as shown in Appendix A.2 and obtain
S =
i2(2π)2
√
detC
82
√
det γ
√
det γ∗
{ n∑
i=1
StrU(Nˆi)(
ˆ¯Φie
VˆiΦˆie
−Vˆi)
+
∑
i>j
StrU(Nˆj)(
ˆ¯Xi,je
VˆiXˆi,je
−Vˆj ) +
∑
i>j
StrU(Nˆj)(
ˆ¯Yj,ie
Vˆj Yˆj,ie
−Vˆi)
}
+
i(2π)2
√
detC
8
√
det γ
{
2πiτiStrU(Nˆi)
(
Wˆ αi Wˆiα
)
+
∑
(i,a)
g(i,a)StrU(Nˆi)O(i,a)
(
Φˆ, Xˆ, Yˆ
)}
+ c.c.. (2.14)
The matrices here can be obtained by Weyl ordering (Eq.(A.12)). In particular, the field
strength is
Wˆiα = −1
4
ad ˆ¯πα˙ad ˆ¯π
α˙e−Vˆiad πˆαe
Vˆi. (2.15)
In precise terms, StrU(Nˆi) means StrU(Nˆi|Nˆi) in (anti-) chiral terms or StrU(Nˆi|Nˆi)⊗U(1|1) in mat-
ter kinetic terms (the definition of the Str is given in Eq.(A.18).).
Let us now consider the relationships to non-commutative field theory. The action in
Eq.(2.5) does not depend on pˆµ, and this dependence appears when we consider the fluctua-
tion around the classical solution of the gauge fields (Eq.(2.8)). We can then map the action
to non-commutative field theory. However, it is not obvious that the action in Eq.(2.14) has
an appropriate classical solution for Vˆi, as in the case for Eq.(2.8) [10]. Even if we find such
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a solution, it is also not obvious that the fluctuation around the solution can be regarded
as a non-commutative field. However, this problem is not serious when we take the limit
γ, γ∗ → 0.
We next consider the commutative limit of Eq.(2.13) and (2.14). In order to obtain the
commutative field theory (Eq.(2.3)) from Eq.(2.13), we first take the limit of γ, γ∗ → 0. We
may then obtain Eq.(2.5) and this action can be mapped to the action in Eq.(2.3) in bosonic
non-commutative coordinates by considering the fluctuation around Eq.(2.8). Lastly, we
take the limit of C → 0 and obtain the commutative field theory (Eq.(2.3)).
Supermatrix model (2.14) = (2.13)
γ,γ∗→0−−−−→ (2.5)
= (2.3) in bosonic non-commutative coordinates
C→0−−−→ (2.3)
We take the two commutative limits in these processes. The first limit (γ → 0) can be
taken smoothly owing to the non-commutativity C. On the other hand, under the second
limit (C → 0), non-commutative field theories may not correspond to the commutative field
theories (UV/IR mixing). In this sense, it is not clear that the commutative limits of the
supermatrix model correspond to the commutative field theory.
However, the holomorphic parts of the supermatrix model almost correspond to the
commutative field theory. Under the second limit, the chiral ring property eliminates the
non-planar diagrams which give the non-commutative phase to the amplitude. The difference
only appears through the Konishi anomaly [11]. This anomaly in commutative field theory
appears through the regularization procedure. On the other hand, in non-commutative field
theory, such regularization is not necessary, since the non-commutativity C regularizes such
singularity (see Sec. 2.3).
In the case of Eq.(2.14), the holomorphic parts correspond to the commutative field
theory. As a result of this holomorphy, the matter kinetic terms and anti-holomorphic parts
can be neglected when we consider the holomorphic quantities. Dropping the matter kinetic
terms implies that the matter is decoupled from the gauge fields and that we can also neglect
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the gauge kinetic terms. We can thus obtain the following supermatrix model:
Ssmm =
Nˆ
gm
∑
(i,a)
g(i,a)StrU(Nˆi)O(i,a)
(
Φˆ, Xˆ, Yˆ
)
(2.16)
where Nˆ/gm is given in Eq.(A.19) as follows:
Nˆ
gm
=
i(2π)2
√
detC
8
√
det γ
.
The dependence on non-commutativity C, γ in this model only appears through the overall
factor, Nˆ/gm. As a result of this structure, the loop equations of this model have no depen-
dence on C, γ (we show this example in section 3.2). This means that, by taking C, γ → 0,
this supermatrix model has a commutative limit. Some of the physical quantities which can
be calculated by this supermatrix model correspond to the quantities by the field theory as
shown in subsequent subsections. This action does not depend on the gauge fields. How-
ever, when we map the correlation function of the supermatrix model to non-commutative
field theory under C, γ → 0, singularity appears in the field theory. Upon regularizing such
singularity, the dependence on the gauge fields appears in the field theory.
The result enables us to conclude that the supermatrix model (Eq.(2.16)) corresponds to
the holomorphic part of the commutative field theory (2.3) in the limit of C, γ → 0.
This implies that the commutative limit of Eq.(2.13) corresponds to the commutative
field theory.
2.3 Correspondence of the correlation functions
We will show that
1
64π2
〈
trU(Ni)W
α
i WiαP (Φ, X, Y )
〉
=
gm
Nˆ
〈
StrU(Nˆi)P (Φˆ, Xˆ, Yˆ )
〉
, (2.17)
in the limit, C, γ → 0, where P (Φ, X, Y ) is a polynomial function and has U(Ni) gauge
indices. The left-hand side of this equation is a gauge theory correlation function, and the
right-hand side is a supermatrix model function. This provides evidence that our supermatrix
model includes the information of the field theory.
Proof We use the identity
(
δ4(xˆ− x)δ2(θˆ − θ)
)2
=
g2m
Nˆ2
= − 64 det γ
(2π)4 detC
. (2.18)
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This identity holds in non-commutative space [4]. Inserting this on the right-hand side of
Eq.(2.17), we obtain
gm
Nˆ
〈
StrU(Nˆi)
(
P
(
Φˆ, Xˆ, Yˆ
))〉
=
i(2π)2
√
detC
8
√
det γ
〈
StrU(Nˆi)
((
δ4(xˆ− x)δ2(θˆ − θ)
)2
P
(
Φˆ, Xˆ, Yˆ
))〉
We can map this supermatrix correlator to the fermionic non-commutative field theory as
follows:
(2π)2
√
detC
〈∫
d2θ′ TrU(Nˆi)
((
δ4(xˆ− x)δ2(θ′ − θ))2 P (Φˆ(θ), Xˆ(θ), Yˆ (θ)))〉
⋆
,
where ⋆ indicates that θ is non-commutative. By taking γ → 0, we obtain the matrix
correlator,
(2π)2
√
detC
〈∫
d2θ′ TrU(Nˆi)
((
δ4(xˆ− x)δ2(θ′ − θ))2 P (Φˆ(θ), Xˆ(θ), Yˆ (θ)))〉 .
This correlator can be mapped to one for bosonic non-commutative field theory by consid-
ering the fluctuation around the classical solution in Eq.(2.8) as follows:〈∫
d4x′d2θ′ trU(Ni)
((
δ4(x′ − x)δ2(θ′ − θ))2 P (Φ(x′, θ′), X(x′, θ′), Y (x′, θ′)))〉
∗
,
and by taking C → 0, we obtain〈∫
d4x′d2θ′ trU(Ni)
((
δ4(x′ − x)δ2(θ′ − θ))2 P (Φ(x′, θ′), X(x′, θ′), Y (x′, θ′)))〉 . (2.19)
When we integrate x′ and θ′, singular factor, δ4(0)δ2(0), appears and we can regularize this
by the heat kernel method shown in the appendix to ref.[4] as follows:
δ4(x′ − x)δ2(θ′ − θ)δkj
∣∣
(x′,θ′)7→(x,θ)
=
1
64π2
(W αi Wiα)
k
j (2.20)
where j, k are indices for the representation of the U(Ni) gauge group. The right-hand side
of this equation is the contribution from the Konishi anomaly [11] of the U(Ni) gauge field.
Eq.(2.19) therefore becomes〈
1
64π2
trU(Ni)W
α
i WiαP (Φ, X, Y )
〉
. (2.21)
This is the left-hand side of Eq.(2.17).
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On the other hand, the correlators〈
gm
Nˆ
StrU(Nˆi)P (Φˆ, Xˆ, Yˆ )
〉
are independent of gm/Nˆ (or C and γ) without an overall factor. This can be explicitly
checked when we solve the loop equation of these correlators [4].
This foregoing analysis indicates that, when we take C, γ → 0, we can obtain〈
1
64π2
trU(Ni)W
α
i WiαP (Φ, X, Y )
〉
=
〈
gm
Nˆ
StrU(Nˆi)P (Φˆ, Xˆ, Yˆ )
〉
. (2.22)
2.4 Low-energy effective action and prepotential
In this subsection, we consider the property of the effective action of Eq.(2.3) and show that
it can be described by a prepotential.
The coupling g(i,a) dependence ofWeff is obtained by differentiating the partition function
with respect to g(i,a) as follows:
∂
∂g(i,a)
Weff =
〈
trU(Ni)O(i,a)(Φ, X, Y )
〉
,
We can express the right-hand side as∫
d2ψ
1
64π2
〈
trU(Ni)(W
α
i − 8πψα1Ni)(Wiα − 8πψα1Ni)O(i,a)(Φ, X, Y )
〉
, (2.23)
where ψ is an anti-commuting c-number.
Let us now consider the special case that the loop equation for
〈
trU(Ni)W
α
i WiαO(i,a)(Φ, X, Y )
〉
(2.24)
is closed under single-trace correlators which include just two field strengths:
〈
tr
(
W αj Wjα · · ·
)〉
. (2.25)
We can then obtain a new loop equation for
〈
tr(W αi − 8πψα)(Wiα − 8πψα)O(i,a)(Φ, X, Y )
〉
(2.26)
through the shift
Wiα 7→Wiα − 8πψα1Ni, (2.27)
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for all i. Under this shift, the correlators do not change, since the action in Eq.(2.3) has
symmetry under this shift. 4 This loop equation is closed with respect to the operators
〈
trU(Ni)(W
α
i − 8πψα)(Wiα − 8πψα) · · ·
〉
,
which are obtained by shifting Eq.(2.25). These operators are related to each other through
the loop equations, and we can pick up independent operators from among them. (In the case
of the U(N) gauge theory coupled to a single adjoint matter, such independent operators
are glueball superfields Si (not Si) in ref.[2].) Weff can then be expressed by prepotential
F , which is a function of these independent operators, as
Weff =
∫
d2ψF . (2.30)
Comparing this and Eq.(2.23), we can obtain the following equation for F :
∂
∂g(i,a)
F = 1
64π2
〈
trU(Ni)(W
α
i − 8πψα)(Wiα − 8πψα)O(i,a)(Φ, X, Y )
〉
. (2.31)
In order to compute the prepotential, we solve the loop equations for the correlator on the
right-hand side with respect to the independent operators. However, the purpose of this
study is to show that the correlator in Eq.(2.31) is equivalent to a certain correlator in the
supermatrix model by direct mapping, instead of by solving the loop equations.
2.5 Free energy of the supermatrix model and prepotential
We evaluate in this section the free energy of the supermatrix model and consider its rela-
tionship to the prepotential.
4If we rewrite the kinetic terms of the action (2.3) as∫
d8z trU(N)Ω¯e
ΞΩe−Ξ,
where N =
∑n
i=1Ni and
Ω =


Φ1 Y1,2 . . .
X2,1 Φ2
...
. . .
Φn

 , (2.28)
Ξ =


V1 0 . . .
0 V2
...
. . .
Vn

 , (2.29)
then the symmetry (2.27) is regarded as that of U(N) gauge and one adjoint matter case. Thus this symmetry
is obvious.
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The free energy of the supermatrix model is defined by
exp
(
−Nˆ
2
g2m
Fm
)
=
∫
dΦˆdXˆdYˆ e−Ssmm . (2.32)
In order to find the dependence on g(i,a), we differentiate this equation with respect to g(i,a)
as follows:
∂
∂g(i,a)
Fm =
gm
Nˆ
〈
StrU(Nˆi)O(i,a)(Φˆ, Xˆ, Yˆ )
〉
. (2.33)
If the correlation function on the right-hand side is equivalent to Eq.(2.31), the free energy
and prepotential are equivalent up to the g(i,a)-independent part.
We can now show〈
1
64π2
trU(Ni)(W
α
i − 8πψα)(Wiα − 8πψα)O(i,a)(Φ, X, Y )
〉
=
gm
Nˆ
〈
StrU(Nˆi)O(i,a)(Φˆ, Xˆ, Yˆ )
〉
(2.34)
under the commutative limit. As in subsection 2.3, the right-hand side is equivalent to〈
1
64π2
trU(Ni)W
α
i WiαO(i,a)(Φ, X, Y )
〉
.
Due to the symmetry in Eq.(2.27), this becomes〈
1
64π2
trU(Ni)(W
α
i − 8πψα)(Wiα − 8πψα)O(i,a)(Φ, X, Y )
〉
.
This is the left-hand side of Eq.(2.34). This equivalence means that the free energy of the
supermatrix model is equivalent to the prepotential up to the g(i,a) -independent part.
The equivalence of the coupling constant of the independent parts can be checked in
a discrete calculation with a simple form of the superpotential;- for example, gaussian or
cubic. The result can be generalized to any superpotential, since such terms do not depend
on the form of the superpotential. However, with our approach, we have not yet provided
a good explanation for why the reduced model reproduces the g(i,a)-independent part of the
prepotential as well.
Note that the symmetry in Eq.(2.27) means that the gauge field correlation functions
1
64π2
〈trW αWα · · · 〉 , 1
8π
〈trWα · · · 〉 , 〈tr · · · 〉
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behave as one chiral multiplet,
1
64π2
〈tr(W α − 8πψα)(Wα − 8πψα) · · · 〉 .
The equivalence in Eq.(2.34) means that this multiplet corresponds to the supermatrix cor-
relation function
gm
Nˆ
〈Str · · · 〉 .
As a result, all the chiral operators of the gauge field corresponds to the supermatrix corre-
lators through this multiplet.
Our supermatrix model can therefore describe the holomorphic part of the gauge the-
ory. In this respect, the Dijkgraaf-Vafa theory with multiple bifundamental matter can be
regarded as large-N reduction (the difference between the supermatrix and bosonic matrix
is considered in ref.[4]).
3 Supersymmetric reduced model with fundamental
matters
We consider in this section the A2 quiver-like theory, from which we can develop a theory
which incorporates fundamental matter.
3.1 Construction of the theory with fundamental matters
We will evaluate a theory which has gauge groups (Eq.(1.1)) and A2 quiver-like kinetic terms.
The action is given by
S =
∫
d4xd2θd2θ¯
(
trU(nc)(Φ¯e
VΦe−V ) + trU(nf )(Q¯e
VQe−Vf ) + trU(nf )(
¯˜QeVf Q˜e−V )
)
+
∫
d4xd2θ
(
2πiτ trU(nc)(W
αWα) + 2πiτf trU(nf )(W
α
f Wfα)
)
+
∫
d4xd2θ
(
trU(nc)(W (Φ)) + trU(nf )(Q˜m(Φ)Q)
)
+ c.c.. (3.1)
V is a vector superfield of gauge group U(nc), Wα is its field strength, Vf and Wfα are the
vector superfield and field strength of the U(nf ), Q and Q˜ are (anti)bifundamental matter
and Φ is adjoint matter of U(nc), andW (Φ) andm(Φ) are polynomial functions. The adjoint
matter of U(nf ) in this theory is removed from the usual A2 theory.
5
5Or we give an adjoint matter Φnf for U(nf ) an infinite mass :
m
2 trΦ
2
nf
. Then Φnf is decoupled.
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When we turn off gauge field Vf and regard the U(nf ) symmetry as a global, bifundamen-
tal matter Q behaves as a fundamental matter with U(nf ) flavor symmetry. Since we can
construct a supermatrix model in the general gauge theory with bifundamental matter as
described in section 2, we first keep this U(nf ) symmetry as gauge symmetry and ultimately
take Vf = 0.
The holomorphic parts of the supermatrix model for the action Eq.(3.1) become
Ssmm =
Nˆ
gm
(
StrU(nˆc)
(
W (Φˆ)
)
+ StrU(nˆf )
(
ˆ˜Qm(Φˆ)Qˆ
))
, (3.2)
where Qˆ, ˆ˜Q and Φˆ are matrices corresponding to Q, Q˜ and Φ. This supermatrix model has
no gauge field dependence. When we take Vf = 0, the supermatrix action does not change.
Note that this supermatrix model is in the Veneziano limit [12] in which the number of
colors and flavors become infinite with their ratio fixed as in Eq.(2.12). Even if we take Vf
to be 0, there is no influence on the size of the matrices.
3.2 Derivation of the loop equation from the supermatrix model
We derive in this subsection the loop equations from the supermatrix model, and show that
these equations are closed and that the dependence on C, γ disappears. Furthermore, these
loop equations can be mapped to those of the field theory, which is equivalent to the field
theory analyses [6], when we take Vf = 0. This result justifies our supermatrix approach in
section 2.
We start from 〈
gm
Nˆ
StrU(nˆc)
(
T a
1
z − Φˆ
)〉
,
where T a is the Gell-Mann matrix. We shift Φˆ 7→ Φˆ + ǫT a and obtain the Schwinger-Dyson
equation,
0 =
gm
Nˆ
〈
StrU(nˆc)
(
T a
1
z − ΦˆT
a 1
z − Φˆ
)〉
−
〈
StrU(nˆc)
(
T a
1
z − Φˆ
)
StrU(nˆc)
(
T aW ′(Φˆ)
)〉
−
〈
StrU(nˆc)
(
T a
1
z − Φˆ
)
StrU(nˆf )
(
ˆ˜QT am′(Φˆ)Qˆ
)〉
. (3.3)
By using the completeness of the Gell-Mann matrix and large-N factorization, we can obtain
the loop equation,(
gm
Nˆ
〈
StrU(nˆc)
1
z − Φˆ
〉)2
− gm
Nˆ
〈
StrU(nˆc)
W ′(Φˆ)
z − Φˆ
〉
− gm
Nˆ
〈
StrU(nˆf )
ˆ˜Q
m′(Φˆ)
z − Φˆ Qˆ
〉
= 0. (3.4)
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We next start from 〈
StrU(nˆf )
ˆ˜Q
1
z − ΦˆT
a
〉
. (3.5)
By shifting ˆ˜Q 7→ ˆ˜Q + ǫT a, we can derive another loop equation.
gm
Nˆ
〈
StrU(nˆf )1
〉 gm
Nˆ
〈
StrU(nˆc)
1
z − Φˆ
〉
=
〈
gm
Nˆ
StrU(nˆf )
ˆ˜Q
m(Φˆ)
z − ΦˆQˆ
〉
. (3.6)
As already mentioned, the dependence on C, γ in these loop equations appears only
through gm/Nˆ . These two loop equations are closed and can be solved as a function of
Si =
∫
Ci
dz
gm
Nˆ
〈
Str
1
z − Φˆ
〉
,
where Ci is a contour around the i-th critical point of superpotential W (Φˆ). The gm/Nˆ
dependence disappears if we solve the correlators with respect to Si. These loop equations
are thus independent of C, γ and have a commutative limit.
We will next show that this commutative limit corresponds to the loop equations which
are derived from gauge theory. In order to map these loop equations to the gauge theory
equations, we repeat the same procedure as that for deriving Eq.(2.34). This enables us to
obtain the loop equations(
1
64π2
〈
trU(nc)
(W α − 8πψα)(Wα − 8πψα)
z − Φ(y)(x, θ)
〉)2
− 1
64π2
〈
trU(nc)
(W α − 8πψα)(Wα − 8πψα)W ′(Φ(y)(x, θ))
z − Φ(y)(x, θ)
〉
− 1
64π2
〈
trU(nf )(W
α
f − 8πψα)(Wfα − 8πψα)Q˜(y)
m′(Φ(y))
z − Φ(y)Q
(y)(x, θ)
〉
= 0, (3.7)
1
64π2
〈
trU(nf )
(
(W αf − 8πψα)(Wfα − 8πψα)
)〉〈 1
64π2
trU(nc)
(
W αWα
z − Φ
)〉
=
1
64π2
〈
trU(nf )
(
(W αf − 8πψα)(Wfα − 8πψα)Q˜
m(Φ)
z − ΦQ
)〉
. (3.8)
These equations are closed with respect to the following correlators:
〈tr ((W α − 8πψα)(Wα − 8πψα) · · · )〉 ,〈
tr
(
(W αf − 8πψα)(Wfα − 8πψα) · · ·
)〉
.
This fact leads to an efficient description of the prepotential as mentioned in section 2.5.
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Expanding these equations with respect to ψα and turning off the formal gauge field
strength, Wfα, we can obtain the following loop equations:〈
trU(nc)
W ′(Φ)
z − Φ
〉
+
〈
trU(nf )Q˜
m′(Φ)
z − ΦQ
〉
=
2
1
64π2
〈
trU(nc)
W αWα
z − Φ
〉〈
trU(nc)
1
z − Φ
〉
+
1
8π
〈
trU(nc)
W α
z − Φ
〉
1
8π
〈
trU(nc)
Wα
z − Φ
〉
, (3.9)
1
8π
〈
trU(nc)
W ′(Φ)Wα
z − Φ
〉
= 2
1
64π2
〈
trU(nc)
W αWα
z − Φ
〉
1
8π
〈
trU(nc)
Wα
z − Φ
〉
, (3.10)
1
64π2
〈
trU(nc)
W αWα
z − Φ
〉
=
(
1
64π2
〈
trU(nc)
W αWα
z − Φ
〉)2
. (3.11)
nf
1
64π2
〈
trU(nc)
(
W αWα
z − Φ
)〉
=
〈
trU(nf )
(
Q˜
m(Φ)
z − ΦQ
)〉
. (3.12)
These equations correspond to that derived from the field theory in ref.[6].
3.3 Properties of the prepotential
In ref.[6], owing to the chiral ring properties, the fundamental matter contributes to the
effective action only up to the one-loop order. We will show that the supermatrix model
reproduces this property.
We first integrate out Qˆ and ˆ˜Q in the partition function,
exp
(
−Nˆ
2
g2m
Fm
)
=
∫
dΦˆ
(
det
Nˆ
gm
m(Φˆ)
)−StrU(nˆf )(1)
exp
(
− Nˆ
gm
StrU(nˆc)W (Φˆ)
)
=
∫
dΦˆe−Seff ,
Seff =
Nˆ
gm
(
StrU(nˆc)W (Φˆ) +
gm
Nˆ
(
StrU(nˆf )1
)
log
(
det
Nˆ
gm
m(Φˆ)
))
. (3.13)
We define here Seff as an effective action of Φˆ. StrU(nˆf )1 is a one-loop correction of the
fundamental matter. We can expand Fm with respect to
gm
Nˆ
〈
StrU(nˆf )1
〉
as
Fm = Fm0 +
∑
k=1
(
gm
Nˆ
〈
StrU(nˆf )1
〉)k
Fmk. (3.14)
Note that the Fmk is the k-loop correction for the fundamental matter. We can now map
this expansion to the gauge theory, and then map the free energy to the prepotential. In
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addition,
gm
Nˆ
〈
StrU(nˆf )1
〉
=
Nˆ
gm
〈
StrU(nˆf )
(
δ4(xˆ− x)δ2(θˆ − θ)
)2〉
7→ 1
64π2
〈
trU(nf )(W
α
f − 8πψα)(Wfα − 8πψα)
〉
, (3.15)
where we take the limit, C, γ → 0, and use the regularization of Eq.(2.20) for the U(nf )
gauge field. By using these relationships, when we take Wfα = 0, Eq.(3.14) is mapped to
F = F0 + nf (ψαψα)F1. (3.16)
We will map Fmk to Fk. The anti-commutativity of ψα removes Fk (k > 1). The first
term is the contribution of the adjoint matter, and the second is from the adjoint matter
and one-loop correction of the fundamental matter. The prepotential obtained from the free
energy of the supermatrix model thus also has the contribution of the fundamental matters
only up to the one-loop order. This statement is consistent with the gauge theory analysis.
With the argument of the previous subsection, our supermatrix model gives the same
result in the holomorphic parts of the field theory.
We apply the theory with single fundamental matter in this section. We can generally
construct a corresponding supermatrix model in the gauge theory with several unitary gauge
groups and fundamental and bifundamental matter as described in sections 2 and 3.
4 Discussion
We have shown that the Dijkgraaf-Vafa theory in the N = 1 gauge theory with fundamental
and bifundamental matter can be regarded as large-N reduction. This enables us to under-
stand the mechanism by which the matrix model incorporates the information of the gauge
theory.
We have also shown the mapping from the gauge theories to corresponding supersym-
metric reduced models. However, there are some problems in the analyses of low-energy
gauge theory. For example, if gauge theory is coupled to massless fundamental matter, the
low-energy theory should be described by meson and baryon fields [13]. We need to introduce
these fields through the Legendre transformation, in which case, the mapping itself cannot
prescribe them.
17
Our approach cannot yet be applied to other gauge groups:- SO(N) or Sp(N). It is diffi-
cult to construct the reduced model for such gauge theories, in which the proof of equivalence
between the gauge theories and matrix model is given [5]. Success with the Dijkgraaf-Vafa
theory might shed some light on constructing a reduced model in these gauge theories.
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A A Construction of the reduced model
We summarize in this appendix the method for constructing the supermatrix model from
the gauge theory.
A.1 From the commutative theory to non-commutative theory
Non-commutative space
We define the ∗- and ⋆-products as
f(x) ∗ g(x) = exp
(
− i
2
Cµν
∂
∂xµ
∂
∂yν
)
f(x)g(y)
∣∣∣∣
y=x
, (A.1)
f(θ) ⋆ g(θ) = exp
(
−1
2
γαβ
∂
∂θα
∂
∂θ′β
)
f(θ)g(θ′)
∣∣∣∣
θ=θ′
, (A.2)
where Cµν is an anti-symmetric tensor and γαβ is a symmetric tensor. The non-commutative
coordinates then satisfy
[xµ, xν ]∗ = −iCµν , (A.3)
{θα, θβ}⋆ = γαβ . (A.4)
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Correspondence between functions in non-commutative space and matrices
The matrices corresponding to bosonic non-commutative coordinates (Eq.(A.3)) are
[xˆµ, xˆν ] = −iCµν . (A.5)
In order to satisfy these relationships, the rank of these matrices, Nˆ , should be infinite. We
can introduce an anti-symmetric tensor which satisfies
CµλBλν = δ
µ
ν (A.6)
and define
pˆµ = Bµν xˆ
ν . (A.7)
These matrices satisfy the following relations:
[pˆµ, pˆν] = iBµν , [xˆ
µ, pˆν] = iδ
µ
ν . (A.8)
Matrices corresponding to the fermionic coordinates (Eq.(A.4)) are
{θˆα, θˆβ} = γαβ. (A.9)
We can then introduce βαβ and πα which satisfy
{πˆα, πˆβ} = βαβ , {θˆα, πˆβ} = δαβ . (A.10)
The correspondence between the functions and the matrices from these relationships is
O(x) =
∫
d4k
(2π)4
eikµx
µ
O˜(k) 7→ Oˆ =
∫
d4k
(2π)4
eikµxˆ
µ
O˜(k), (A.11)
Q(θ) =
∫
d2κ eiθ
ακαQ˜(κ) 7→ Qˆ =
∫
d2κ eiθˆ
ακαQ˜(κ)
= A + θαψα − (θ1 ⋆ θ2 − θ2 ⋆ θ1)F = A+ θˆαψα − (θˆ1θˆ2 − θˆ2θˆ1)F (A.12)
Correspondence of operations in bosonic coordinates
The integral in the bosonic non-commutative coordinates is equivalent to the trace of the
matrix model, ∫
d4x O(x) = (2π)2
√
detCTrU(Nˆ)(Oˆ). (A.13)
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If pˆµ is a reducible representation and can represent pˆµ = pˆ
(0)
µ ⊗ 1n, where pˆ(0)µ is a certain
irreducible representation of Eq.(A.7), then the relationship becomes∫
d4x trU(n)O(x) = (2π)
2
√
detCTrU(Nˆ)(Oˆ). (A.14)
On the other hand, the derivative corresponds as follows:
−i∂µO(x) 7→ [pˆµ, Oˆ]. (A.15)
Correspondence of operations in fermionic coordinates
By using the SL(2, C) transformation, γαβ can be taken as
(γαβ) =
(
γ 0
0 γ
)
. (A.16)
In this case, θˆα can be represented in terms of Pauli matrices as
θˆ1 =
√
γσ1, θˆ2 =
√
γσ2,
θˆ1θˆ2 − θˆ2θˆ1 = 2iγσ3. (A.17)
An integral for the fermionic non-commutative coordinates is
F =
∫
d2θQ(θ) 7→ F = i
8γ
tr
(
2σ3Qˆ
)
≡ i
8
√
det γ
Str
(
Qˆ
)
, (A.18)
where we define the supertrace, StrQˆ = tr2σ3Qˆ. Considering a quantum degree of the
freedom of the non-commutative field theory, we can put
i(2π)2
√
detC
8
√
det γ
=
Nˆ
gm
. (A.19)
Here, gm is an appropriate constant with mass dimension 3. As a result, we can obtain∫
d4xd2θO(x, θ) =
Nˆ
gm
Strx⊗θOˆ. (A.20)
A derivative is mapped as follows:
∂
∂θα
O(x, θ) 7→ [πˆα, Oˆ}. (A.21)
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A.2 Construction of the supersymmetric reduced model
We show the construction of the supersymmetric reduced model of anN = 1 supersymmetric
U(nc) gauge theory coupled to adjoint matter Φ. We start from the action,
S =
∫
d4xd2θd2θ¯ trU(nc)(Φ¯e
VΦe−V )
+
∫
d4xd2θ 2πiτ trU(nc)(W
αWα) +
∫
d4xd2θ trU(nc)(W (Φ)) + c.c.. (A.22)
We can then rewrite the fields in an appropriate form for the reduced model as follows:
Φ(x, θ, θ¯) =Φ(y)(y, θ)
=eAΦ(y)(x, θ)e−A, (A.23)
Φ¯(x, θ, θ¯) =Φ¯(y
†)(y†, θ¯)
=e−AΦ¯(y
†)(x, θ¯)eA, (A.24)
Dα =eADαe−A = ∂
∂θα
, (A.25)
D¯α˙ =e−AD¯α˙eA = − ∂
∂θ¯α˙
, (A.26)
eV(x,θ,θ¯) =eAeV (x,θ,θ¯)eA, (A.27)
W (y)α (x, θ) =e
−AWα(x, θ)e
A
=− 1
4
D¯D¯e−VDαeV , (A.28)
where A is the differential operator, iθσµθ¯∂µ, and subscript (y) ( or (y
†) ) means that the
chiral (or anti-chiral) superfield is a function of (y = x+ iθσθ, θ) ( or (y†, θ¯) ).
We can then obtain the action,
S =
∫
d4xd2θd2θ¯ trU(nc)(Φ¯
(y†)eVΦ(y)e−V)
+
∫
d4xd2θ 2πiτ trU(nc)(W
(y)αW (y)α ) +
∫
d4xd2θ trU(nc)(W (Φ
(y))) + c.c.. (A.29)
We next consider this action on non-commutative space in Eqs.(A.3) and (A.4), and apply
the mapping of Sec.A.1. The action then becomes
Srm =
i2(2π)2
√
detC
82
√
det γ
√
det γ∗
StrU(nˆc)
(
ˆ¯ΦeVˆΦˆe−Vˆ
)
+
i(2π)2
√
detC
8
√
det γ
{2πiτStrU(nˆc)(Wˆ αWˆα) + StrU(nˆc)(W (Φˆ))}+ c.c., (A.30)
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where U(nˆc) indicates that pˆµ is the reducible representation, pˆµ = pˆ
(0)
µ ⊗ 1nc. This is the
supersymmetric reduced model.
As a result of the holomorphy, we consider only the relevant parts in the Dijkgraaf-Vafa
theory,
Ssmm =
Nˆ
gm
StrU(nˆc)W (Φˆ). (A.31)
This is an action of the supermatrix model corresponding to Eq.(A.22).
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